Abstract-This paper describes the use of the currentflux-linkage (i−ψ) diagram to validate the performance of a general magnetic-energy-based torque estimator. An early step in the torque estimation is the use of controller duty cycles to reconstruct the average phase-voltage waveform during each pulsewidthmodulation (PWM) switching period. Samples over the fundamental period are recorded for the estimation of the average torque. The fundamental period may not be an exact multiple of the sample time. For low speed, the reconstructed voltage requires additional compensation for inverter-device losses. Experimental validation of this reconstructed waveform with the actual PWM phase-voltage waveform is impossible due to the fact that one is PWM in nature and the other is the average value during the PWM period. A solution to this is to determine the phase flux-linkage using each waveform and then plot the resultant i−ψ loops. The torque estimation is based on instantaneous measurements and can therefore be applied to any electrical machine. This paper includes test results for a three-phase interior permanent-magnet brushless ac motor operating with both sinusoidal and nonsinusoidal current waveforms.
A General Magnetic-Energy-Based Torque Estimator: Validation via a Permanent-Magnet Motor Drive I. INTRODUCTION I N THE last decade, brushless permanent-magnet (PM) motor drives have been widely used in many industrial applications such as robots, rolling mills, or machine tools. The advantages of these machines include high power density, low inertia, and high-speed capabilities. However, the control performance of the PM motors is greatly affected by the uncertainties related to the motor parameters, external load disturbance, and unmodeled and nonlinear dynamics [3] . Advanced control techniques such as nonlinear control [4] , adaptive control [5] , robust control [6] , variable structure control, and intelligent control have been developed. However, the overall stability may not be guaranteed in these schemes due to certain assumptions introduced, complicated controller design, and feedback linearization.
This paper proposes a new torque estimator that can be used for online measurement of the average torque for any type of brushless PM motor drive. From the phase-current and phasevoltage measurements, the flux-linkage values are estimated. With phase currents and flux linkages available, the average torque is estimated online with high accuracy. The proposed estimator avoids the classical dq transformation [4] , [6] and, thus, is applicable to any PM motor drive, regardless of the control strategy, winding distribution, saturation level, and/or number of slots/pole. This robust scheme may be implemented in a digital signal processor (DSP) and used not only for measurement of the average torque without any torque transducers but it may be successfully implemented in any torque controller that requires the average torque estimation. The proposed algorithm is validated experimentally and theoretically through the usage of the i−ψ diagram.
II. MATHEMATICAL MODEL
The method of energy functional variation, which uses a derivative of the magnetic energy with respect to position at constant flux linkages or the derivative of magnetic coenergy with respect to position at constant current to compute the electromagnetic torque, is generally accepted as a method well suited for torque estimation [1] , [2] .
The instantaneous electromagnetic torque may be found as a derivative of the magnetic energy with respect to position at constant flux linkages or the derivative of magnetic coenergy with respect to position at constant current
The total magnetic-field energy produced by a system of n coils having the flux linkages ψ 1 , ψ 2 , . . . , ψ n and the currents i 1 , i 2 , . . . , i n is given by
In a conservative (lossless) system, this energy equals the sum of the magnetostatic energy of the system (i.e., motor) and the 0093-9994/$25.00 © 2008 IEEE mechanical work
From (1)- (3), if we neglect the stored magnetostatic energy, we obtain
By integrating over a fundamental cycle, we can obtain the average electromagnetic torque
If we use the relation
and dividing a fundamental cycle in N samples, expression (5) becomes
Relation (7) suggests that, if the phase currents and voltages are measured online, a general torque estimator may be implemented for any motor type. When demonstrating (7), no assumption was made to restrict this approach to a certain motor type or to a linear system. This paper is dedicated to the implementation and validation of a new torque estimator based on (7) to the PM motor drives. The average electromagnetic torque is equivalent to the torque predicted by the i−ψ diagram [1] or the flux-MMF diagram [2] and is proportional to the area enclosed by the i−ψ locus over one fundamental cycle
where ∆W is the coenergy or energy converted per phase during the fundamental period, m is the number of phases, and p is the number of pole pairs.
III. AVERAGE TORQUE ESTIMATOR
The proposed average torque estimation is based around the relationship between coenergy and average torque. As we have seen, the coenergy is proportional to the area enclosed by the i−ψ locus over one fundamental cycle, but it can also be calculated from measuring the energy supplied to the phase over one fundamental cycle and subtracting the energy loss associated with the phase resistance. Given a digital implementation using high-frequency sampling, the total energy supplied to the phase during a fundamental cycle is
where N is the number of samples in one fundamental cycle and τ cycle is the fundamental period. The resistive energy loss over one complete cycle is given by
(I rms ) 2 is equivalent to the mean-squared current and, in a sampling system, can be calculated for any current waveform as follows:
Hence, corresponding to the fundamental cycle, the phaseenergy/coenergy variation can be calculated using the following expression and then substituted in (8):
In measurement terms, the torque estimator is therefore required to sample the phase current and phase voltage every switching period over a complete fundamental cycle and also determine the time taken for the fundamental cycle and the related number of samples during this time. It is worthwhile considering the effects on precision when the fundamental period is not an integral number of samples. For a 50-µs sample period, there are 1200 samples for a motor speed of 1000 r/min; similarly for 3600 r/min, there are 333 samples; therefore, the effect becomes more significant as the speed increases. If high-speed operation is required, then the solution would be to decrease the sample period; for the test platform described in the next section, a sample period of 10 µs is achievable.
The torque estimator is implemented on a general-purpose motor control platform which may be used to implement a range of control strategies for brushless PM and switchedreluctance machines. The controller is based on a low-cost TI C280 150-MHz 32-bits fixed-point DSP; a summary of its applicable hardware peripherals being as follows: synchronized six-phase 12-bits pulsewidth-modulation (PWM) outputs at 20 kHz; dedicated incremental encoder interface; 16-12-bits analog-to-digital converter channels; and asynchronous and synchronous communication ports. The controller hardware also includes a four-channel 12-bits digital-to-analog converter to allow analog representations of controller parameters such as sampled phase currents to be output to an oscilloscope. This becomes very useful in facilitating the validation of the torque estimator as described later. The motor-control strategies and associated torque estimator are all implemented in DSP software with an inner current/torque control loop running at 20 kHz. Note that, as the torque estimator is using instantaneous measurements and the subsequent calculations are based on stored-energy conservation, the technique can be applied to any electrical machine-for example, brushless PM, induction, and switched-reluctance motors. The bandwidth response of this torque estimator limits its application to the case of drive systems where it is required to find an optimized high-efficiency steady-state operating point.
IV. EXPERIMENTAL TESTS AND VALIDATION
Experimental tests are carried out on a three-phase wyeconnected PM ac motor running with both sinusoidal and nonsinusoidal phase currents. A photograph of the experimental test rig is shown in Fig. 1 . The laboratory test machine is a fractional horsepower two-pole machine developed for use in an electrical appliance.
An outline of the interior PM (IPM) ac-motor control strategy (for one phase only) and the associated torque estimator is shown in Fig. 2 . The basic requirement of the controller is to regulate each of the three phase currents such that they follow the associated sinusoidal-current references, which are synchronized with the rotor-back electromotive forces (EMFs), by the incremental encoder interface.
We have the following points to note. 1) This is just one of a number of possible current-control strategies; the proposed torque estimator is independent of this and will work with any PWM control strategy.
2) The torque estimator will function when additional outer speed and position control loops are included. For the calculation of the average torque, the controller must measure the following operating parameters over one fundamental cycle: the sampled phase current, the sampled phase voltage, and the number of samples in the fundamental cycle. The sampling period is fixed at 50 µs, and so, the number of samples varies as a function of speed.
For a three-phase wye-connected winding, the phase currents can be measured directly from the output current transducers in the controller/inverter. Phase voltage is not generally measured by the motor controller, and sometimes, it is not even possible to measure if the wye point is not available at the motor terminals, and so, this has to be derived from the duty-cycle values at every sample/switching period. The calculation method for the phase voltage is detailed in Table I , which outlines all the possible switch states and the resultant phase-one voltage if this state is valid throughout the high-frequency switching period. Note that, for a clear description of the method, all inverter voltage drops are omitted at this point. The derivation of the equivalent phase voltage is outlined in the example switching pattern shown in Fig. 3 . Using Table I as reference, the average voltage during this switching period is
Given the reconstructed nature of this phase-voltage waveform and the fact that various practical implementation effects such as inverter-device voltage drops and dead time had been neglected, it was considered important to attempt to validate this calculation with measured data. Direct comparison of an analog representation of this waveform with the output of a differential-voltage probe connected across phase one and the motor wye point was of little use, as the actual phase voltage included the high-frequency PWM component, and the estimated voltage consisted of samples representing the average Fig. 4 . One fundamental cycle of measured current and voltage waveforms and the analog outputs of current and voltage from the controller is sampled by the digital storage oscilloscope. These data are then transferred to a PC, which performs the necessary calculation of flux linkages and plots the resultant i−ψ loops. A comparison between the loop energy obtained with (12) and the measured one from the flux linkage and current is given in the Appendix. Fig. 5 shows the cross section with flux plot of the tested motor: a two-pole brushless IPM motor. Each magnet pole comprises three separate NdFeB magnets. The three-phase winding is wye connected and approximately sinewave distributed. There is no skew. Note the noncircular shape of the stator lamination and the corresponding complex pattern of saturation. These are causing a minor imbalance between the phase flux linkages. A theoretical validation is carried out for both sinusoidal and nonsinusoidal current waveforms. Two illustrative example results are shown in Figs. 6 and 7 , where the solid line is obtained using (5) from the measured variables, while the thin dotted line shows the loop computed using a finite-element program [7] . There is a close correlation of the i−ψ loops for both operating cases, both in terms of the resultant area of the loops and, more importantly, in terms of the shape of the loops. An experimental validation is carried out to compare online estimated torque with measured torque from a rotational torque transducer. Initial results are shown in Fig. 8(a) , highlighting the increasing error in the online torque measurement as the speed is decreased. A subsequent modification to the torque estimation to include a fixed voltage drop due to inverter-device losses during the "0 V" switching states improved performance considerably, as shown in Fig. 8(b) . The "0 V" states are increasingly dominant at low speed due to the reduced-voltage requirements, so even although the device voltage drops are low, the time spent in these states becomes significant, and compensation is increasingly required. Very low speed testing (< 100 r/min) was not possible with this machine due to dynamometer limitations, but it is expected that voltage compensation becomes even more critical in this speed range with the possible need for a more complex compensation strategy as compared to the presented fixed voltage drop set by the peak current.
This, however, would not be relevant in the main application of this technique; to optimize, online, the efficiency of variablespeed drives at any given operating point.
The possibility of extracting and displaying the information related to the i−ψ loops from the data stored by the online torque estimator represents a very useful diagnosis tool. We get a measure of the torque ripple from the loop shape, and any unbalanced condition on the stator winding can be traced if the i−ψ loops per phase are not identical in shape and area. As the estimated values through the online estimator algorithm described at Section III are practically identical with those obtained through the i−ψ loop area (7), further results show just the comparison between the measured torque values (torque transducer) and the estimated torque values with the online estimator. Fig. 8 shows the torque variation with speed for three sinewave current levels, with amplitudes 1, 1.5, and 2 A and with current phasor aligned with the back EMF phasor, i.e., control angle (gamma) is zero. Note the difference due to the compensation voltage factor at low speed. Fig. 9 shows the average torque variation for a sinusoidal current waveform with 2-A peak value, 700 r/min, and various control-angle (gamma) ranges.
For a complete analysis, the flux-weakening region results are shown in Fig. 10 , when the current waveform is nonsinusoidal.
As motor speed increases, the required phase voltages to maintain sinusoidal phase currents also increases such that, at a given speed, the voltage demand exceeds that which is possible from the inverter/dc link; the result being increased distortion on the phase current waveforms, an example of which is shown in Fig. 7(a) . Note that this condition is limited to high-speed operation, and thus, the "0 V" compensation has little effect and torque estimation is equivalent with and without this compensation.
It is important to observe that, for all cases, once the torque is known, it is possible to achieve even the speed from a power balance similar to (11) . Hence, the difference between the value measured at the motor shaft with a torque transducer and the online estimated torque value is given just by the windage and friction-loss effect.
V. CONCLUSION
Online average torque estimation in PM motors may be achieved through the phase-voltage sampling and the phasecurrent measurement. Accurate torque values are obtained without any rotational component and regardless of the current waveform.
Experimental results on a three-phase PM ac motor have successfully validated the performance of the online torque estimator in terms of the average torque estimation by comparisons with standard torque-transducer results. The theoretical correctness of the torque estimator is validated by its ability to accurately match the results from the i−ψ energy-loop method. Given the generic nature of the torque estimator, the implementation of this scheme is possible for a wider range of electrical machine: brushless PM motors, induction motors, or switched-reluctance motors. Further work is necessary to extend the use of this estimation in the actual machine control to develop optimized motor-control strategies. 
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